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1. Introduction
Let Bn denote the open unit ball {z ∈ Cn: ‖z‖2 = 〈z, z〉 < 1}, where 〈z,w〉 denotes the Euclidean inner product of vectors
z,w ∈ Cn .
Deﬁnition. (See [7], compare also [1,15].) A locally biholomorphic mapping f : Bn → Cn such that f (0) = 0, Df (0) = I , is
said to be strongly starlike of order α ∈ (0,1], if∣∣arg〈(Df (z))−1 f (z), z〉∣∣< απ
2
, z ∈ Bn \ {0}. (1)
Since relation (1) implies
Re
〈(
Df (z)
)−1
f (z), z
〉
> 0, z ∈ Bn \ {0}, (2)
every strongly starlike mapping f of order alpha is also starlike (see the well-known theorem of Matsuno [12], Suffridge
[16] and Kikuchi [6]). Hence every strongly starlike mapping f of order alpha is biholomorphic and satisﬁes the condition
t f
(
B
n)⊂ f (Bn), t ∈ [0,1].
Strong starlikeness of order alpha can be also characterized in terms of spirallikeness relative to a linear operator. A holo-
morphic mapping f : Bn → Cn such that f (0) = 0, Df (0) = I , is said to be spirallike relative to a linear operator A, if f is
biholomorphic and fulﬁls the condition
etA f
(
B
n)⊂ f (Bn), t ∈ (−∞,0),
where
etA =
∞∑
k=0
tk
k! A
k.
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Suffridge [18].
G. Kohr and the author proved in [7] that a mapping f : Bn → Cn is strongly starlike of order α ∈ (0,1] iff f is spirallike
relative to operator A = eiβ I for every β ∈ [(α − 1) π2 , (1− α)π2 ].
In the present paper we will give another characterization of strong starlikeness of order α ∈ (0,1).
2. Main result
By Eα for α ∈ (0,1), let us denote a planar closed lens bounded by a Jordan curve Γα with the following polar coordi-
nates equation:
ζ = ρα(θ)eiθ , θ ∈
[
(α − 1)π
2
, (1− α)π
2
]
,
where
ρα(θ) =
{
(cos(α π2 ))
−1 cos(θ − α π2 ), θ ∈ [(α − 1)π2 ,0],
(cos(α π2 ))
−1 cos(θ + α π2 ), θ ∈ [0, (1− α)π2 ].
(3)
Below we give the main theorem which includes the announced characterization of strongly starlike mappings of order
α ∈ (0,1).
Theorem. Let α ∈ (0,1) and f : Bn → Cn be a locally biholomorphic mapping normalized by the conditions f (0) = 0, Df (0) = I .
Then the following statements are equivalent:
(i) f is a strongly starlike mapping of order α ∈ (0,1);
(ii) f is biholomorphic and for every w ∈ f (Bn) there holds
wEα ⊂ f
(
B
n). (4)
The idea of the proof of this theorem is based on a generalization of one-dimensional method (see [10,11]) and on some
properties of starlike mappings on the unit ball of Cn (see, e.g., [16,3,4,8]) and on the unit ball of a complex Banach space
(see for instance [17,18,13]). We will need the following lemma.
Lemma. Let α ∈ (0,1) and f : Bn → Cn be a locally biholomorphic mapping normalized by the conditions f (0) = 0, Df (0) = I . Then
the following statements are equivalent:
(i) f maps Bn onto f (Bn) biholomorphically and satisﬁes relation (4) for every w ∈ f (Bn);
(ii) for every r ∈ (0,1), f maps the ball Bnr = rBn onto f (Bnr ) biholomorphically and for every w ∈ f (Bnr ) there holds the inclusion
wEα ⊂ f
(
B
n
r
)
. (5)
Proof. We start with the proof of the part (i) ⇒ (ii) of the lemma. Let us ﬁx r ∈ (0,1). Obviously, f is biholomorphic in Bnr .
It remains to show inclusion (5). To do it, let us consider the mapping
q(z) = f −1(ζ f (z)), z ∈ Bn,
where ζ ∈ Eα is arbitrarily ﬁxed. Condition (i) implies that q maps holomorphically Bn into itself and q(0) = 0. Thus, by an
n-dimensional version of the Schwarz Lemma (see, e.g., [14, Chapter 8]),
q
(
B
n
r
)⊂ Bnr
for r ∈ (0,1). Hence, using the deﬁnition of the mapping q, we obtain
ζ f
(
B
n
r
)⊂ f (q(Bnr ))⊂ f (Bnr ).
From this, by the arbitrariness of ζ ∈ Eα , we get relation (5).
Now we will prove that (ii) ⇒ (i). Since
B
n =
⋃
B
n
r ,r∈(0,1)
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(4) follows from inclusion (5) and the equality
f
(
B
n)= ⋃
r∈(0,1)
f
(
B
n
r
)
.
Thus the proof of the lemma is complete. 
Now we will give the proof of the main theorem.
Proof of Theorem. First we will prove the implication (ii) ⇒ (i).
Let us ﬁx α ∈ (0,1) and z ∈ Bn \ {0}. Then z ∈ ∂(Bnr ) for some r ∈ (0,1). We will show that
f (z)Eα ⊂ f
(
B
n
r
)
. (6)
For an arbitrarily ﬁxed point w ∈ f (z)Eα , there exists ζ ∈ Eα such that w = ζ f (z). Since f (z) ∈ ∂ f (Bnr ) = f (∂(Bnr )) (the
mapping f is biholomorphic), there exists a sequence of points wk ∈ f (Bnr ), k ∈ N, convergent to f (z). By the lemma,
ζwk ∈ f (Bnr ) for every k ∈ N. Hence, using limk→∞ ζwk = ζ f (z) = w , we get w ∈ f (Bnr ). Thus inclusion (6) is true.
Now let us denote
v−(θ) = v−α,z(θ) = f −1
(
f (z)ρα(θ)e
iθ ), θ ∈ [(α − 1)π
2
,0
]
,
where ρα is deﬁned in the interval [(α − 1) π2 ,0] by formula (3). Then, by inclusion (6), v−(θ) ∈ Bnr , for θ ∈ [(α − 1) π2 ,0],
i.e.,
∥∥v−(θ)∥∥ r = ‖z‖ = ∥∥v−(0)∥∥, θ ∈ [(α − 1)π
2
,0
]
.
Using the above relations we obtain
0 lim
θ→0−
‖v−(θ)‖ − ‖v−(0)‖
θ
= ∂
∂θ
∥∥v−(θ)∥∥|θ=0
= ∂
∂θ
√〈
v−(θ), v−(θ)
〉∣∣
θ=0 =
1
2‖v−(0)‖
∂
∂θ
〈
v−(θ), v−(θ)
〉∣∣
θ=0
= 1‖z‖ Re
〈
∂v−(θ)
∂θ
∣∣∣∣
θ=0
, z
〉
= 1‖z‖ Re
〈(
Df (z)
)−1
f (z)
∂ζ
∂θ
∣∣∣∣
θ=0
, z
〉
= 1‖z‖ cos(α π2 )
Re
〈(
Df (z)
)−1
f (z)ie−iα
π
2 , z
〉
.
Therefore, by arbitrariness of z ∈ Bn \ {0}, the following inequality
Re
〈(
Df (z)
)−1
f (z)ie−iα
π
2 , z
〉
 0
holds for z ∈ Bn \ {0}. Hence, by Lemma 3 from [18], we get
Re
(
ie−iα
π
2
〈(
Df (z)
)−1
f (z), z
〉)
> 0, z ∈ Bn \ {0},
and thus,
−π + απ
2
< arg
〈(
Df (z)
)−1
f (z), z
〉
< α
π
2
, z ∈ Bn \ {0}. (7)
Now applying similar considerations to the function
v+(θ) = v+α,z(θ) = f −1
(
f (z)ρα(θ)e
iθ ), θ ∈ [0, (1− α)π
2
]
,
with ρα deﬁned in the interval [0, (1− α)π2 ] by formula (3), we obtain
Re
(
ieiα
π
2
〈(
Df (z)
)−1
f (z), z
〉)
< 0
for z ∈ Bn \ {0}. Thus
−απ < arg〈(Df (z))−1 f (z), z〉< π − απ , z ∈ Bn \ {0}.
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max
{
−π + απ
2
,−απ
2
}
< arg
〈(
Df (z)
)−1
f (z), z
〉
<min
{
α
π
2
,π − απ
2
}
for z ∈ Bn \ {0}. Consequently,
−απ
2
< arg
〈(
Df (z)
)−1
f (z), z
〉
< α
π
2
, z ∈ Bn \ {0}.
Therefore f is strongly starlike of order α ∈ (0,1).
Now we prove the implication (i) ⇒ (ii). We start with the fact that for every arbitrarily ﬁxed α ∈ (0,1),
Eα = [0,1] ∪
⋃
δ∈[α,1)
(
Γ −δ ∪ Γ +δ
)
,
where Γ −δ , Γ
+
δ are the circular arcs given by the following polar equations
ζ = ρ−δ (θ)eiθ , θ ∈
(
(δ − 1)π
2
,0
]
,
ζ = ρ+δ (θ)eiθ , θ ∈
[
0, (1− δ)π
2
)
with
ρ−δ (θ) =
(
cos
(
δ
π
2
))−1
cos
(
θ − δ π
2
)
, θ ∈
(
(δ − 1)π
2
,0
]
,
ρ+δ (θ) =
(
cos
(
δ
π
2
))−1
cos
(
θ + δ π
2
)
, θ ∈
[
0, (1− δ)π
2
)
,
respectively (see [10,11]).
Let us ﬁx δ ∈ [α,1), z ∈ Bn \ {0} and deﬁne the number
θ− = θ−δ,z = inf
{
θ ∈
(
(δ − 1)π
2
,0
]
:
{
f (z)ρ−δ (t)e
it : t ∈ (θ,0]}⊂ f (Bn)}.
Then θ− < 0, because limt→0− f (z)ρ−δ (t)eit = f (z) and f is biholomorphic (see the introduction).
We will show that θ− = (δ − 1) π2 . To do this, in the ﬁrst step we will prove that for every θ ∈ (θ−,0], the norm of the
function
u−(t) = u−δ,z(t) = f −1
(
f (z)ρ−δ (t)e
it), t ∈ (θ,0],
is increasing. Indeed, similarly to the proof of the implication (i) ⇒ (ii), we obtain that for t ∈ (θ,0],
∂
∂t
∥∥u−(t)∥∥= c Re〈(Df (u−(t)))−1 f (u−(t))iei(t−δ π2 ),u−(t)〉,
where c = (‖u−(t)‖ cos(t − δ π2 ))−1. Since f is strongly starlike of order α ∈ (0,1),
Re
〈(
Df
(
u−(t)
))−1
f
(
u−(t)
)
,u−(t)
〉 = 0
(see (2)) and
−απ
2
< arg
〈(
Df
(
u−(t)
))−1
f
(
u−(t)
)
,u−(t)
〉
< α
π
2
(see (1)). Hence and by the following inequalities,
α  δ < 1, (δ − 1)π
2
 θ−  θ < t  0,
we get
−π
2
< arg
〈(
Df
(
u−(t)
))−1
f
(
u−(t)
)
iei(t−δ
π
2 ),u−(t)
〉
<
π
2
.
Thus we have
Re
〈(
Df
(
u−(t)
))−1
f
(
u−(t)
)
iei(t−δ
π
2 ),u−(t)
〉
> 0,
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∂t ‖u−(t)‖ > 0 for t ∈ (θ,0]. Therefore, ‖u−(t)‖ increases in every interval (θ,0] ⊂ (θ−,0], and hence, in the interval
(θ−,0].
The above monotonicity implies that ‖u−(t)‖ < ‖u−(0)‖ = ‖z‖ = r for t ∈ (θ−,0), hence∥∥ f −1( f (z)ρ−δ (t)eit)∥∥< r,
that is,
f −1
(
f (z)ρ−δ (t)e
it) ∈ Bnr
for t ∈ (θ−,0). Therefore,
f (z)ρ−δ (t)e
it ∈ f (Bnr ), t ∈ (θ−,0). (8)
Now we will show the equality θ− = (δ − 1) π2 . Assuming, to the contrary, that θ− > (δ − 1) π2 , we obtain from (8) that
w− = w−δ,z = f (z)ρ−δ
(
θ−
)
eiθ
− ∈ ∂ f (Bnr ).
Thus there exists a point zδ ∈ ∂(Bnr ) such that w− = f (zδ). Since f is biholomorphic (see the introduction), the ball with
the center w− and a small radius ε > 0 is included also in f (Bn). Consequently, the following inclusion{
f (z)ρ−δ (t)e
it : t ∈ (θ−(ε), θ−]}⊂ f (Bn)
holds for a number θ−(ε) < θ− . Therefore{
f (z)ρ−δ (t)e
it : t ∈ (θ−(ε),0]}⊂ f (Bn),
which is impossible, in view of the deﬁnition of the number θ− . Thus our supposition was false and θ− = (δ − 1) π2 .
Consequently, f (z)ρ−δ (t)eit ∈ f (Bn) for every t ∈ ((δ − 1) π2 ,0].
Similarly, we prove that if we deﬁne the number
θ+ = θ+δ,z = sup
{
θ ∈
[
0, (1− δ)π
2
)
:
{
f (z)ρ+δ (t)e
it : t ∈ [0, θ)}⊂ f (Bn)},
then θ+ = (1− δ)π2 and consequently, f (z)ρ+δ (t)eit ∈ f (Bn) for every t ∈ [0, (1− δ)π2 ).
Since also f (z)[0,1] ⊂ f (Bn), i.e., f is starlike (see the introduction), we conclude that f (z)Eα ⊂ f (Bn).
This proves the implication (i) ⇒ (ii), because z was arbitrary.
The proof of the theorem is now complete. 
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